This paper studies the synchronization problem of second-order nonlinear multi-agent systems with intermittent communication in the presence of irregular communication delays and possible information loss. The control objective is to steer all systems' positions to a common position with a prescribed desired velocity available to only some leaders. Based on the smallgain framework, we propose a synchronization scheme relying on an intermittent information exchange protocol in the presence of time delays and possible packet dropout. We show that our control objectives are achieved with a simple selection of the control gains provided that the directed graph, describing the interconnection between all systems (or agents), contains a spanning tree. The example of Euler-Lagrange systems is considered to illustrate the application and effectiveness of the proposed approach.
Introduction
Motion coordination of nonlinear multi-agent systems has received an increased interest in the control community due to the potential applications involving groups of robotic systems and autonomous vehicles in general [1, 2] . Multi-agent systems control can be formulated as synchronization or consensus problems, where the goal is to drive the networked systems (or agents) to a common state using local information exchange. Other related problems include flocking, swarming, and formation control of mechanical systems. Built around the solutions of the consensus problem of linear multi-agent systems, several coordinated control schemes have been recently developed for second-order nonlinear dynamics, which can describe various mechanical systems, with a particular interest to leaderless synchronization problems [3] [4] [5] [6] , cooperative tracking with full access to the reference trajectory [3, 7, 8] , leader-follower with single leader [9] [10] [11] [12] [13] or multiple leaders [14] [15] [16] , to name only a few. Algebraic graph theory, matrix theory, and Lyapunov direct method have been shown useful tools to address various problems related to the systems dynamics, such as uncertainties, and the interconnection topology between the team members.
In addition, various recent papers address the synchronization problem of nonlinear systems by taking into account delays in the information transfer between agents, which is generally performed using communication channels. In [7] and [17] , it has been shown that output synchronization of nonlinear passive systems is robust to constant communication delays if the interconnection graph is directed, balanced and strongly connected. A similar property was shown in [8] under unbalanced directed graphs using the contraction theorem. In [18] , a delay-robust control scheme with their neighbors only at some irregular discrete time-intervals and achieve our control objective. A discrete-time consensus algorithm is also used to handle the partial access to the desired velocity. In the case where no desired velocity is assigned to the team, the proposed synchronization algorithm achieves position synchronization with some velocity agreed upon by all agents. In both cases, it is proved that, under some sufficient conditions, synchronization is achieved in the presence of unknown irregular communication delays and packet loss provided that the interconnection topology between agents is described by a directed graph that contains a spanning tree. The derived conditions impose a maximum allowable interval of time during which a particular agent does not receive information from some or all of its neighbors. This interval, however, can be specified arbitrarily with a choice of the control gains. To illustrate the applicability of the proposed approach, we derive a solution to the above problems in the case of networked Lagrangian systems, and simulation results that show the effectiveness of the proposed approach are given.
Background

Graph theory
Let G = (N , E) be a directed graph, with a set of nodes (or vertices) N , and a set of ordered edges (pairs of nodes) E ⊆ N × N . An edge (j, i) ∈ E is represented by a directed link (arc) leaving node j and directed toward node i. A directed graph G is said to contain a spanning tree if there exists at least one node that has a "directed path" to all the other nodes in the graph; by a directed path (of length q) from j to i is meant a sequence of edges in a directed graph of the form (j, l 1 ), (l 1 , l 2 ), . . . , (l q−1 , l q ), with l q = i, where for q > 1 the nodes j, l 1 , . . . , l q−1 ∈ N are distinct. Node r is called a root of G if it is the root of a directed spanning tree of G; in this case, G is said to be rooted at r.
Given two graphs G 1 = (N , E 1 ), G 2 = (N , E 2 ) with the same vertex set N , their composition G 3 := (N , E 3 ) = G 1 • G 2 is the graph with the same vertex set N where (j, i) ∈ E 3 if and only if (j, l) ∈ E 2 and (l, i) ∈ E 1 for some l ∈ N . Composition of any finite number of graphs is defined by induction. In the case where G 1 and G 2 contain self-links at all nodes, the edges of G 1 and G 2 are also edges of G 3 . In this case, the definition above also implies that G 3 contains a path from j to i if and only if G 2 contains a path from j to l and G 1 contains a path from l to i. A finite sequence of directed graphs G 1 , G 2 , . . . , G q with the same vertex set is jointly rooted if the composition
. . is said to be repeatedly jointly rooted if there exists k * ∈ Z + such that for any σ ∈ Z + the finite sequence G σ , G σ+1 , . . ., G σ+k * is jointly rooted. (See [36] for more details on graph composition).
A weighted directed graph G w consists of the triplet (N , E, A), where N and E are, respectively, the sets of nodes and edges defined as above, and A is the weighted adjacency matrix defined such that a ii 0, a ij > 0 if (j, i) ∈ E, and a ij = 0 if (j, i) / ∈ E. Note that thus defined graph does not contain self-links at any node and will have the same properties as the unweighted graph with the same sets of nodes and edges. The Laplacian matrix L := [l ij ] ∈ R n×n of the weighted directed graph G w is defined such that: l ii = n j=1 a ij , and l ij = −a ij for i = j.
Stability Notions and preliminary result
Consider an affine nonlinear system of the forṁ
where x ∈ R N , u i ∈ Rm i for i ∈ N p := {1, . . . , p}, y j ∈ Rm j for j ∈ N q := {1, . . . , q}, and f (·), g i (·), for i ∈ N p , and h j (·), for j ∈ N q , are locally Lipschitz functions of the corresponding dimensions, f (0) = 0, h(0) = 0. We assume that for any initial condition x(t 0 ) and any inputs u 1 (t), . . . , u p (t) that are uniformly essentially bounded on [t 0 , t 1 ), the corresponding solution x(t) is well defined for all t ∈ [t 0 , t 1 ].
Definition 1.
[37] A system of the form (1) is said to be input-to-state stable (ISS) if there exist 1 β ∈ K ∞ and γ j ∈K, j ∈ N p , such that the following inequalities hold along the trajectories of the system for any Lebesgue measurable uniformly essentially bounded inputs u j , j ∈ N p : i) uniform boundedness: ∀ t 0 , t ∈ R, t ≥ t 0 , we have
ii) asymptotic gain:
In the above definition, | · | denotes the Euclidean norm of a vector and γ j ∈K, j ∈ N p , are called the ISS gains. It should be pointed out that for a system of the form (1), the ISS implies the input-to-output stability (IOS) [37] , which means that there exist β i ∈ KL and γ ij ∈K, i ∈ N q , j ∈ N p , such that the inequality
holds for all i ∈ N q and ∀ t 0 , t ∈ R, t ≥ t 0 . In this case, the function γ ij ∈K, i ∈ N q and j ∈ N p , is called the IOS gain from the input u j to the output y i . In the subsequent analysis, we will mostly deal with the case where the IOS gains are linear functions of the form γ ij (s) := γ 0 ij · s, where γ 0 ij ≥ 0; in this case, we will simply say that the system has linear IOS gains γ 0 ij ≥ 0. The convergence analysis in this paper is based on the following small-gain theorem. Theorem 1. Consider a system of the form (1) . Suppose the system is IOS with linear IOS gains γ 0 ij ≥ 0. Suppose also that each input u j (·), j ∈ N p , is a Lebesgue measurable function satisfying: u j (t) ≡ 0, for t < 0, and
for almost all t ≥ 0, where µ ji ≥ 0, all ϑ ji (t) are Lebesgue measurable uniformly bounded nonnegative functions of time, and δ j (t) is an uniformly essentially bounded signal. Let Γ := Γ 0 ·M ∈ R q×q , where
is the spectral radius of the matrix Γ, then the trajectories of the system (1) are well defined for all t ≥ 0 and such that all the outputs y i (t), i ∈ N q , and all the inputs u j (·), j ∈ N p , are uniformly bounded. If, in addition, |δ j (t)| → 0 at t → +∞, j ∈ N p , then |y i (t)| → 0, |u j (t)| → 0 as t → +∞ for i ∈ N q and j ∈ N p . Theorem 1 is a version of [27, Theorem 1] and is also a special case of the result given in [39] ; in particular, its proof follows the same lines as in the proof in [27, Theorem 1] , and hence, is omitted.
Problem Formulation
System Model
Consider n not necessarily identical second-order nonlinear systems (or agents) governed by the following dynamicsṗ
where p i ∈ R m and v i are the position-like and velocity-like states, respectively, u i ∈ R m are the inputs, and N := {1, . . . , n}. The functions F i are assumed to be locally Lipschitz with respect to their arguments. Note that equations (3) can be used to describe the full or part of the dynamics of various physical systems.
The systems (3) are interconnected in the sense that some information can be transmitted between agents using communication channels. This interconnection is represented by a directed graph G = (N , E), where N is the set of all agents, and an edge (j, i) ∈ E indicates that the i-th agent can receive information from the j-th agent; in this case, we say that j and i are neighbors (even though the link between them is directed). While the interconnection graph G is fixed, the information exchange between agents is not continuous but discrete in time and is subject to communication constraints as described in the next subsection.
Communication Process
In this paper, we consider the case where the communication between agents is intermittent and is subject to time-varying communication delays, information losses, and blackout intervals. Specifically, it is assumed that there exists a strictly increasing and unbounded sequence of time instants t k := kT ∈ R + , k ∈ Z + = {0, 1, . . .}, where T > 0 is a fixed sampling period common for all agents, such that each agent is allowed to send its information to all or some of its neighbors at instants t k , k ∈ Z + . In addition, for each pair (j, i) ∈ E, suppose that there exist a sequence of communication delays (τ (j,i) k ) k∈Z+ that take values in {R + ∪ +∞} such that the information sent by agent j at instant t k can be available to agent i starting from the instant t k + τ (j,i) k . In particular, it is possible that τ (j,i) k = +∞ for some k ∈ Z + , which corresponds to a situation where agent j has not sent information at instant t k to neighbor i at all, or the corresponding information was never received possibly due to packet loss in the communication channel. The following assumption is imposed on the communication process between neighboring agents. Assumption 1. For each (j, i) ∈ E, there exist numbers k * ∈ N, h ≥ 0, and an infinite strictly
Assumption 1 essentially means that, for each pair (j, i) ∈ E, and per any k * consecutive sampling instants, there exists at least one sampling instant at which agent j has sent information to agent i, and this information has been successfully delivered with delay less than or equal to h. Note that h is not an imposed upper bound of the delays; in particular, the possible case where τ
is not excluded. Assumption 1 also implies that, for each pair (j, i) ∈ E, the maximal interval between two consecutive instants when agent i receives information from agent j is less than or equal to
It is worth pointing out that k * , h, and h * are considered common to all (j, i) ∈ E for simplicity, and can be seen as the maximum of the corresponding parameters defined for each pair (j, i) ∈ E. Also, the above assumption does not require that all agents broadcast their information to some or all of their prescribed neighbors at the same instants of time.
Problem statement
Consider multi-agents (3) interconnected according to G and the communication between agents satisfies Assumption 1. Suppose also that a constant desired velocity v d ∈ R m is available for a subset L ⊂ N of agents, called leaders. The rest of the systems (belonging to the complementary subset F := N \ L) are referred to as followers. Our goal is to design synchronization schemes for the nonlinear multi-agent system (3) such that the following objectives are attained.
Objective 2. In the case L = ∅, it is required that p i (t) − p j (t) → 0 and v i (t) → v c as t → +∞ for all i, j ∈ N and for some final velocity v c ∈ R m .
To achieve the above objectives, we adopt an approach that takes its roots from the control of robotic systems [40] and has been recently used to address various synchronization problems of mechanical systems (see, for instance, [5, 11, 19, 25, 27] ). To explain this approach, let v ri (t) ∈ C 1 be a reference velocity for the i-th system, for i ∈ N . Equations (3) can be rewritten in the following form,ṗ
i ∈ N , where e i := v i − v ri is the velocity tracking error. Equations (5) describe the dynamics of agents in a multi-agent system with v ri (t) being the reference input, while e i (t) is a perturbation term with dynamics described by (6) . The synchronization problem can now be solved using a two stages approach described as follows. In the first stage, the input u i (t) in (6) is designed to guarantee the convergence of the error signals e i (t) to zero. In the second stage, appropriate algorithms for v ri (t) are designed using the position-like states of the systems such that the trajectories of the dynamic systems (5) satisfy Objectives 1 or 2. As mentioned in the Introduction, the problem of designing such algorithms for v ri (t) in the presence of the communication constraints described in Section 3.2 is yet unsolved, even in the case where no perturbation term exists, i.e., e i ≡ 0. In the presence of nonzero signals e i (t), the problem becomes more complicated since there typically exists some coupling between the signals e i (t) and v ri (t) as they both depend on the states of (5)- (6). Note that, the first step, the design of the control law u i in (6) that guarantees desirable properties of the error signal e i , for a given v ri andv ri , can be achieved using various existing approaches to tracking control design for nonlinear systems. This step is not addressed in this work; instead, the following assumption is made.
Assumption 2. For each system in (3) and a given reference velocity signals v ri (t) ∈ C 1 anḋ v ri (t), there exists a static or dynamic tracking control law u i such that the following hold:
• the error signal e i (t) is uniformly bounded;
• if v ri (t) andv ri (t) are globally uniformly bounded, then e i (t) → 0 as t → +∞.
Under Assumption 2, the synchronization problem of the nonlinear multi-agent system (3) is reduced to the design of the reference velocities v ri ∈ C 1 , i ∈ N , such thatv ri is well defined (available for feedback) and the trajectories of (5) satisfy Objectives 1 or 2.
Synchronization Scheme Design
In this section, we present a method for the design of the reference velocities v ri (t), i ∈ N , such that Objectives 1 and 2 are achieved using intermittent communication between the agents in the presence of time-varying communication delays and information losses. For this, we let p i j (k), for each (j, i) ∈ E and each k ∈ Z + , denote the information that can be transmitted from agent j to agent i at t = kT . Specifically,
, where p j (kT ) is the position-like state of the j-th system at t = kT ,v dj (k) is a discrete-time 2 estimate of the desired velocity obtained by the j-th agent according to an algorithm described below, and k is the time-stamp, i.e., the sequence number at which information was sent. Also, for each pair (j, i) ∈ E and each time instant t ≥ 0, we let k ij (t) be the largest integer number such that p
is the most recent information of agent j that is already delivered to agent i at t, i.e.,
Note that the number k ij (t) can be determined by a simple comparison of the received time stamps. Now, for each i ∈ N , the reference velocity v ri (t) is designed in the following form,
wherev di is a sufficiently smooth estimate of the desired velocity available for the i-th agent, and η i is a synchronization term designed with the purpose of position synchronization between agents. The design ofv di and η i are addressed below in detail.
Desired velocity estimation
In this subsection, we present a method for the design ofv di in (8). As explained above, each leader has direct access to the desired velocity v d ∈ R m . The followers, on the other hand, do not have direct access to the desired velocity v d ; instead, they estimate it through the following discrete-time consensus algorithm that is updated at instants σT , for σ ∈ Z + ,
In the above algorithm (10)- (11),
Recall from (7) that the vectorv dj (k ij (σT )) is the most recent desired velocity estimate (obtained by agent j) that is already available to agent i at instant σT . As such, the set N ij (σ) denotes the set of the neighbors of the i-th follower such that the most recent data from these neighbors has been received during the interval ((σ − 1)T, σT ]. Therefore, the update law for the followers (10)- (11) is based on each agent's own estimate of the desired velocity as well as on the most recent velocity estimates (received from its neighbors) that have not been already used in the update law at earlier sampling instants. The leaders, on the other hand, do not update their estimates as can be seen from (9) . It should be noted that the set N i (σ) used in (10)- (11) can be obtained by simple comparison between the successfully received time stamps.
Using the discrete-time desired velocity estimates obtained by each agent, we let
where ⌊a⌋ denotes the integer part of a ∈ R + , and k 
Design of the synchronization terms
In this subsection, the design of the synchronization term η i in (8) is addressed. For this, let A = [a ij ] ∈ R n×n be an arbitrary weighted adjacency matrix (Defined in Section 2.1) assigned to the graph G; the resulting weighted directed graph is denoted by G w = (N , E, A). Let N i := {j ∈ N : (j, i) ∈ E} denote the set of neighbors of agent i in G w . Also, let κ i := n j=1 a ij and N ♯ := {i ∈ N : κ i = 0} denote the subset of all agents that have at least one incoming link in G w . Consider the following design of the synchronization term η i in (8)
for i ∈ N ♯ ,η
where k η i , λ i are strictly positive scalar gains,v di is defined in (12)- (13), and the vector p j (t), for all j ∈ N i , is an estimate of the current position of the j-th agent defined using the most recent information available to the i-th agent at t as
with k ij (t) being defined in (7).
Remark 1. Note that, due to the intermittent and delayed nature of the communication process, we have considered a dynamic design for the synchronization terms η i . This guarantees that η i ∈ C 1 , which is difficult to realize using static synchronization terms in view of the irregularities of the information received by each agent. In addition, the vectors η i are designed as in (14)- (15) such that the closed loop system (5) with (8) and (14)- (15) for each agent is IOS with arbitrary IOS gains.
As will be made clear in the next subsection, by employing the small gain theorem, Theorem 1, we will show that our control objectives are achieved under some conditions that can be always satisfied.
Main result
The following theorem describes the conditions under which Objectives 1 and 2 are achieved.
Theorem 2. Consider the network of n systems (3), where the interconnection topology is described by a directed graph G = (N , E) and the communication process between the systems satisfies Assumption 1. Suppose that each system is controlled by a control law u i satisfying Assumption 2, where the corresponding reference velocity v ri (t) is generated by (8) , with (9)- (13) and (14)- (17) . Let the control gains be selected such that
where h * > 0 is defined by (4), and
where µ i,1 , µ i,2 are the roots of
Then, for arbitrary initial conditions, we have • Objective 1 is achieved if G contains a spanning tree with a root r ∈ L.
• Objective 2 is achieved if G contains a spanning tree.
Proof. First, it should be noted from (8), (9)- (13), and (14)- (17) that v ri ∈ C 1 , andv ri (t) =η i +v di can be obtained from the solution of the dynamic systems (13) and (14), and is available for feedback. Therefore, applying the control law that satisfies Assumption 2 in (3) guarantees that the velocity tracking error e i (t) = v i (t) − v ri (t) is uniformly bounded.
For each i ∈ N ♯ , letp
Using the relation e i = (v i − η i −v di ) with (14), one can writė
for i ∈ N ♯ , with
We can verify that each system (20)- (22) with output η i is IOS with respect to the input vectors φ i and ε i . This follows by noticing that the following estimates
hold for all t ≥ t 0 , where µ i is defined in Theorem 2. More precisely, inequality (25) indicates that system (22) is ISS with respect to the inputs ε i and φ i , with unity ISS gains. Also, (26) implies that (20)- (21) is ISS with respect to the inputsψ i and φ i , with ISS gains both equal to 1 µi . Since the cascade connection between two ISS systems is ISS, we conclude that (20)- (22) is ISS. As a result, the system (20)- (22) with output η i is IOS with respect to the inputs ε i and φ i with linear IOS gains equal to (20)- (23), for i ∈ N ♯ , can be regarded as a system with n ♯ outputs, given by y i = η i , i ∈ N ♯ , and 2n ♯ inputs that can be ordered as:
From the above analysis, we can conclude that such system is IOS, with IOS gain matrix
♯ given by
Moreover, using (23)- (24) with (16)- (15) and the relation v i = (e i + η i +v di ) for i ∈ N , one can write
where we used Assumption 1 and (4) to conclude that (t − k ij (t)T ) ≤ (k * T + h) := h * , the set N ♯ i := {j ∈ N ♯ : (j, i) ∈ E} is used here due to (15) , and
Therefore, one can conclude that the input vectors u j , j ∈ {1, . . . , 2n ♯ }, satisfy the conditions of 
and where δ 2i−1 (t) and δ 2i (t), for i ∈ N ♯ , satisfy (29)- (30) . Note that in view of Assumption 2 and the result of Proposition 1, we have δ j (t), j = {1, . . . , 2n ♯ } are uniformly bounded. Therefore, the elements of the closed-loop gain matrix Γ := Γ 0 · M = {γ ij } i,j∈N ♯ in Theorem 1 can be written asγ
Taking into account the fact thatγ ii = 0 and the elements of Γ are nonnegative, one can conclude using Gersgorin disk Theorem that ρ(Γ) < 1 if (18) . Therefore, all the conditions of Theorem 1 are satisfied and one can conclude that η i , φ i and ε i , for i ∈ N ♯ , are uniformly bounded. In addition, the ISS property of (20)- (22) guarantees thaṫ η i ,p i andψ i , for i ∈ N ♯ , are uniformly bounded. This with the result of Proposition 1 and (15) lead to the conclusion that v ri andv ri , i ∈ N , are uniformly bounded, and hence Assumption 2 guarantees that e i (t) → 0 as t → +∞, for i ∈ N . Furthermore, using the result of Proposition 1 and the fact that k ij (t) → +∞ as t → +∞, it can be verified from (29)- (30) 
The same proposition implies that v i (t) → v c as t → +∞, for some v c ∈ R m , if G is rooted and L = ∅. In addition, since system (20) - (22) is ISS, we havep i (t) → 0 andψ i (t) → 0 as t → +∞ for i ∈ N ♯ . Using (19) , one gets κ i (p i +ψ i ) = n j=1 a ij (p i − p j ) is uniformly bounded and n j=1 a ij (p i (t) − p j (t)) → 0 as t → +∞ for all i ∈ N ♯ . This with the fact that κ i = 0 for i ∈ N \ N ♯ lead to the conclusion that (L ⊗ I m )p(t) → 0 as t → +∞, where L is the Laplacian matrix of the interconnection graph G w , I m is the m × m identity matrix, p ∈ R nm is the vector containing all p i for i ∈ N , and ⊗ is the Kronecker product. Finally, since (L ⊗ I m )p = 0 implies that p 1 = . . . = p n if G w contains a spanning tree [41] , we conclude that (p i (t) − p j (t)) → 0 as t → +∞, for all i, j ∈ N if G is rooted. The proof is complete.
Theorem 2 gives a solution to the synchronization problem of the class of nonlinear systems (3) with relaxed communication requirements. In fact, each agent needs to send its information to its prescribed neighbors only at some instants of time. This information transfer is also subject to constraints inherent to the communication channels such as irregular communication delays and packet loss. An important feature of the above result is that it gives sufficient conditions for synchronization, given in (18) , that are topology-independent and can be easily satisfied with an appropriate choice of the control gains. Notice that the constant h * := (k * T + h) can be easily estimated in practice, and is simply defined as the maximum blackout interval of time an individual agent does not receive information from each one of its neighbors. Then, the control gains, namely k η i and λ i , can be freely selected to satisfy (18) ; in particular, the variable µ i can be made arbitrarily large, which is advantageous in the case where the parameter h * is roughly or over estimated. On the other hand, condition (18) is equivalent to 0 < h * < 1 2 (µ i − 1), which specifies the maximal allowable time interval during which each agent can run its control algorithm without receiving new information from its neighbors. This allowable interval of time does not rely on some centralized information on the interconnection topology between the systems and can be made arbitrarily large. It should be also pointed out that the results of Theorem 2 are obtained under mild assumptions on the interconnection graph G. In this regard, note that condition (18) is imposed for all agents i ∈ N ♯ , where, in view of the assumptions on G, the set N \ N ♯ contains at most one element.
Remark 2. The term ǫ ij (t) in (16) can be selected in different ways using the estimates of the desired velocity of the i-th agent. The choices other than (17) include:
and
In view of Proposition 1, any of the choices (17), (31)- (33) can be used for our purposes.
The control scheme in Theorem 2 can be applied to the case where the desired velocity is available to all systems, i.e., L = N . In this case, the observer (9)- (11) is not needed and the following result, which can be shown following similar arguments as the proof of Theorem 2, is valid. 
, (j, i) ∈ E, and k ij (t) is given in (7). Let the control gains satisfy (18) . Then, v i (t) → v d and (p i (t) − p j (t)) → 0 as t → +∞ for all i, j ∈ N and for arbitrary initial conditions if G contains a spanning tree.
Application to Euler-Lagrange systems
In this section, we apply the proposed approach to the class of fully-actuated heterogeneous EulerLagrange systems. The systems dynamics are given bẏ
for i ∈ N , where p i ∈ R m is the vector of generalized configuration coordinates, u i ∈ R m is the vector of torques associated with the i th system,
, and G i (p i ) are the inertia matrix, the vector of centrifugal/coriolis forces, and the vector of potential forces, respectively. The inertia matrices M i (p i ) are symmetrical and positive definite uniformly with respect to p i . Other common properties of Euler-Lagrange systems (34) are as follows:
P.2 There exists k ci ≥ 0 such that |C i (p i , x)y| ≤ k ci |x|·|y| holds for all p i , x, y ∈ R m . In addition, M i (p i ) and G i (p i ) are bounded uniformly with respect to p i .
P.3 Each system in (34) admits a linear parametrization of the form
is a known regressor matrix and θ i ∈ R k is the constant vector of the system's parameters.
We assume that the systems are subject to model uncertainties; the parameters θ i in P.3 are unknown. We aim to achieve Objectives 1 and 2 for the Euler-Lagrange systems (34) under a directed interconnection graph G and the communication constraints described in Section 3.2.
For this purpose, we consider the following control input in (34)
for i ∈ N , where the matrix Π i is symmetric positive definite, Y i is defined in P.3,θ i ∈ R k is an estimate of the parameters, k e i > 0, and e i = (v i − v ri ) with
where
, the control gains are defined as in Theorem 2, k ij (t) is defined in (7),v di is obtained from (12)- (13) with the discrete-time observer
wherev dij (σ) is given in (11) and N i (σ) is defined after (11) . Then, the following result is valid. The proof of this result follows from Theorem 2 by noting that v ri ∈ C 1 andv ri is well defined, and the control law (35)- (36) is the standard adaptive control scheme proposed in [40] for Euler-Lagrange systems that satisfies Assumption 2. In fact, using the Lyapunov function
leading to the first point in Assumption 2. Also, properties P.2 and P.3 guarantee thatė i ∈ L ∞ if v ri ,v ri ∈ L ∞ . Then, invoking Barbȃlat Lemma, one can conclude that if v ri ,v ri are uniformly bounded, then e i (t) → 0 as t → +∞, which is the second point in Assumption 2.
Remark 3. The control scheme in Corollary 2 extends the relevant literature dealing with EulerLagrange systems with communication constraints [8,17,19,20,26,27, for instance] to the case where a non-zero final velocity is assigned to the team, the communication between agents is intermittent and subject to varying delays and possible packet loss, and under a directed interconnection graph that contains a spanning tree. In addition, this control scheme extends the work in [5] to the case of intermittent and delayed communication without using a centralized information on the interconnection topology. Note that in [5] , Objective 2 is achieved, in the case of delay-free continuous-time communication between agents, under some topology-dependent conditions.
Simulation Results
We provide in this section simulation results for the example in Section 5. Specifically, we consider a network of ten Lagrangian systems; N = {1, . . . , 10}, modeled by equations (34) with m = 2,
where g = 9.81 m/sec 2 , the variables θ k , k = 1, . . . , 5, are given as: 2 . The parametrization satisfying property P.3 for each system is given as:
⊤ . The vector of estimated parameters isθ = (θ 1 ,θ 2 ,θ 3 ,θ 4 ,θ 5 ) ⊤ . The systems in the network are interconnected according to the directed graph G given in Fig.  1 , with the node labeled 4 being one of its roots; r = 4. For the communication process, we set the sampling period T = 0.1 sec, which means that for each (j, i) ∈ E, agent j can send its information to agent i only at instants kT , k ∈ Z + . The delays and packet dropout are generated for each communication link as follows. For each (j, i) ∈ E, and at each instant kT , we pick the information p i j (k), wherek ∈ Z is randomly selected in the interval [k − 10, k]. This information is then delayed by τ ∈ [0.15, 0.25] sec and considered as received by agent i. Due to the random choice ofk, a simple logic is implemented to avoid sending information at a future k with the samek. This way, the parameter h * is estimated to be 1.3 sec, the variable k ij (t), for all t > 0, and the set N i (σ) can be easily obtained, the information of agent j at some instants kT are lost (not submitted), and the information received by agent i is randomly delayed. The intermittent nature of the communication process as well as varying communication delays and packet dropout are illustrated in Fig. 2 , which shows the received discrete-time signalφ(k) when the signal φ(t) = 2 sin(t) is sent according to the communication process described above.
We implement the control scheme developed for Euler-Lagrange systems in Section 5. First, we consider the case where L = {1, 4}, which indicates that the systems labeled 1 and 4 are the only systems having access to the desired velocity given by v d = (0.3, 0.6) ⊤ rad/sec. The observer (9)-(11) is updated at T , and the control gains are selected as:
Note that this choice of the gains satisfies condition (18) with µ i = √ λ i . The weights of the communication links of G w , which is the same as G with assigned weights on its links, are set such that κ i = 1. Fig. 3 and Fig. 4 illustrate the relative positions and relative velocities defined as p 1i = (p 1i1 , p 1i2 ) ⊤ := (p 1 − p i ), for i = 2, . . . , n, and
. . , n, where subscript 'd' is used for the desired velocity. It is clear that all agents synchronize their positions and velocities with the desired velocity. The output of the discrete-time observer is given in Fig. 5 , witĥ
⊤ , where it can be seen that the desired velocity estimate of each agent converges to the desired velocity available to the leader agents. Next, we consider the case where L = ∅. Using the same above control parameters, the obtained 
Conclusion
We addressed the synchronization problem of second-order nonlinear multi-agent systems interconnected under directed graphs. Using the small-gain framework, we proposed a distributed control algorithm that achieves position synchronization in the presence of communication constraints. In contrast to the available relevant literature, the proposed approach guarantees that all agents velocities match a desired velocity available to only some leaders (or a final velocity agreed upon by all agents in the leaderless case), while information exchange between neighboring agents is allowed at irregular discrete time-intervals in the presence of irregular time-delays and possible packet loss. In fact, we proved that synchronization is still achieved even if each agent in the team runs its control algorithm without receiving any information from its neighbors during some allowable intervals of time. The conditions for synchronization derived in this paper can be satisfied by an appropriate choice of the control gains. Future research will consider the extension of this work to the case of variable desired velocity.
A Proof of Proposition 1
Consider the consensus algorithm (9)- (11) . The interaction between the agents in the system (9)-(11) is described by a directed graph G s = (N , E s ), which can formally be obtained from the graph G by modifying some of the its links, as follows: (1) removing the incoming arcs to each leader node (or agent), (2) adding a directed link from any leader node to any other leader node, and (3) adding a self arc to each node in the graph. It is straightforward to verify that, if the directed graph G is rooted at r ∈ L, then G s is also rooted at r ∈ L. In the case of no leaders (L = ∅), the above modifications reduce to adding a self arc to each node; in this case, it is trivial that G s is rooted if G is rooted. In view of the above discussion, the consensus algorithm (9)-(11) can be formally written aŝ
for all i ∈ N , whereN
andτ (j,i) (σ) is a delay that takes some integer value at σT and, in view of Assumption 1 and (4), satisfiesτ (j,i) (σ) ≤ h * σ := ⌈h * /T ⌉ for all σ = 0, 1, . . .. Note thatτ (i,i) (σ) = 0, andτ (j,i) (σ) = 0 for all σ if i, j ∈ L.
Let G s (σ) = (N , E s (σ)), where (j, i) ∈ E s (σ) only if j ∈N i (σ), which defines the set of those agents whose information is used in the update rule of agent i at instants σT . It is clear that G s (σ) is a directed graph with at most one directed link connecting each ordered pair of distinct nodes and with exactly one self arc at each node. According to Theorem 2 in [42] , the states of (42) Consider first the case where L = ∅ and G is rooted at r ∈ L. Equation (43) implies that G s (ρ) contains a directed link from any leader node to any other leader node, for all ρ. In addition, in view of the definition of G s = (N , E s ), Assumption 1 implies that for each i ∈ F and (j, i) ∈ E s , j = i, the informationv dj is successfully delivered to agent i at least once per h * σ := ⌈h * /T ⌉ sampling periods. Therefore, it can be verified that, for each i ∈ F , if (j, i) is an edge in G s , then (j, i) is also an edge in the composition of graphsḠ s (ρ). In fact, if (j, i) ∈ E s , the definition of N i (σ) implies that (j, i) is an edge in at least one of the graphs G s (ρ), G s (ρ + 1), . . ., G s (ρ + h * σ ). Consequently, one can conclude that all the edges of G s are also edges in the composition of graphsḠ s (ρ), and therefore,Ḡ s (ρ) is rooted at r ∈ L since G s is rooted at r ∈ L. As a result, the sequence of graphs G s (0), G s (1), . . . is repeatedly jointly rooted. Similar arguments can be used to show thatḠ s (ρ) is rooted in the case where L = ∅ and G contains a spanning tree, and hence rooted. Now, since the states of the leaders are fixed, i.e.,v di (σ) ≡ v d for all σ and i ∈ L, one can conclude that v c = v d in the case where L = ∅. The rest of the proof follows in view of the dynamics (13), for i ∈ F , which can be rewritten asǫ i = −k 
